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It has long been conjectured that (rapid) fracture propagation dynamics in materials and turbulent
motion of fluids are two manifestations of the same physical process. The universality class of
turbulence (Kolmogorov dispersion in particular) had been conjectured to be identifiable with the
Flory statistics for linear polymers (self-avoiding walks on lattices). These help us to relate fracture
statistics to those of linear polymers (Flory statistics). The statistics of fracture in the Fiber Bundle
Model (FBM) are now well studied and many exact results are now available for the equal load-
sharing (ELS) scheme. Yet, the correlation length exponent in this model was missing and we show
here how the correspondence between fracture statistics and the Flory mapping of Kolmogorov
statistics for turbulence helps us to make a conjecture about the value of the correlation length
exponent for fracture in the ELS limit of FBM, and also about the upper critical dimension. Besides,
the fracture avalanche size exponent values in lower dimensions (as estimated from such mapping
to Flory statistics) also compare well with the observations.
I. INTRODUCTION
The dynamics of fracture propagation and the result-
ing multi-fractal nature of the roughness of the fractured
surfaces can not be captured directly from the linear elas-
tic theory of fracture. The same is true for the intermit-
tent nature of the energy avalanches that are frequently
observed in experiments with a scale free size distribu-
tion, from the tectonic scale earthquakes (Gutenberg-
Richter law) to the laboratory scale fracture (power law
statistics of acoustic emission experiments).
Nevertheless, a well developed literature exist for the
past three decades or so, that explores fracture as a
stochastic critical phenomenon through various experi-
ments and theoretical studies [1–3]. Particularly, the ex-
istence of a universal roughness exponent that is largely
independent of the details of the material, a diverging
relaxation time, signifying critical slowing down near the
global failure point and the above mentioned scale free
size distribution of the energy avalanches, support this
dynamical critical phenomena picture of fracture [4, 5].
Consequently, a group of minimal models for stressed
disordered systems that include its essential components
in the sense of universality hypothesis, are developed to
understand the non-equilibrium critical dynamics of frac-
ture (see e.g., [1, 2, 5]). Among such models, one of the
earliest [6] and well studied one is the fiber bundle model
(FBM). The model consists of a macroscopically large
number (N) of parallel Hookean springs of identical (ini-
tial) length and, for simplicity, each of them are assumed
to have identical spring constant. They have, however,
different breaking thresholds specified by the assumed
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threshold distribution. All these springs hang, say, from
a rigid horizontal platform. The load on the bundle (W )
hangs from a lower horizontal platform, connected to the
lower ends of the springs. This lower platform can be
assumed to be absolutely rigid, implying the stress or
load-share per (surviving fibers or springs at any of of
the bundle’s dynamics) is equal, irrespective of how many
fibers or springs might have broken (equal load sharing
or ELS scheme of load sharing). The lower platform can
also be assumed to have finite rigidity, so that local defor-
mation the platform occurs wherever springs fail and the
neighboring surviving fibers have to share larger fraction
of that transferred from the failed fiber (LLS scheme).
We consider here the collective failure dynamics of the
FBM, using the ELS scheme, which has been extensively
studied both analytically as well as numerically for its
intriguing failure dynamics with (dynamic) critical be-
havior (see Appendix A).
Among the several attempts to develop a consistent
theory for the critical behavior in fracture, a relatively
less explored path is the hydrodynamic analogy of frac-
ture propagation [7–10]. The long wave-length limit of a
hydrodynamic description will average over the details of
the sample in question and could come up with a univer-
sality class, as is often the case for known static critical
phenomena, such as magnetism. In particular, the anal-
ogy between fracture and homogeneous, isotropic turbu-
lence has been explored before in several cases, in order
to relate the velocity fluctuation in turbulence with the
roughness of the fractured surfaces (see e.g., [7]). How-
ever, these two routes (FBM and hydrodynamics) should
converge to the same universality class, in order to have
a consistent theory.
The turbulent flow of a fluid is a well known stochas-
tic process with dispersion, where the energy transfers
occur in various modes corresponding to different length
scales. Based on the general properties of the Navier-
2Stokes equation of hydrodynamics and dimensional anal-
ysis, Kolmogorov obtained the energy spectrum Ek in
the steady state of a fully grown turbulence as Ek ∼ k
α;
α = 5/3 in three dimensions for an intermediate well-
spread “inertial range” of the wave vector k [14]. The
inverse of the wave number corresponds to the charac-
teristic length scale ξ, below which the geometric self-
similarity induces the power law behavior in the energy
spectrum statistics (see Appendix B for details).
This dispersion exponent α has been identified as the
inverse Flory exponent ν for linear polymers (or of Self-
Avoiding Walk or SAW subset of Random Walks on lat-
tices [11]. In three dimensions, if the vortex lines are
assumed not to cross (as in the absence of viscosity), the
vortex line conformations can be modeled by those for
SAWs. Hence the spatial distribution of energy density
E(r) can be obtained from the SAW pair correlation g(r)
(at a distance r and the Fourier transform will then give
Ek ∼ gk, the Fourier transform of the SAW pair corre-
lation function, which can then be shown to be given by
k1/ν , ν = 3/(2 + d) (see appendix C).
Here we show that in so far as the vortex lines of tur-
bulence in a non-viscous fluid can be mapped [11] to the
Self Avoiding Walks (SAWs) [13], the Kolmogorov energy
cascade statistics [14] help obtaining a consistent failure
statistics of the Fiber Bundle Model (FBM) in one and
two dimensions with Local Load Sharing and its conver-
gence to the Equal Load Sharing (ELS) or mean field
limit [2, 5] beyond the upper critical dimension (dc). Ex-
ploiting the same analogy between SAW statistics and of
turbulence and, in turn, of fracture, we could also con-
jecture about the correlation length exponent (ν) for the
fiber bundle model in the mean field (ELS) limit. In
what follows we will obtain ν = 1/4 and dc = 6. It may
be mentioned that these estimates were missing earlier
[1, 2, 5].
II. ENERGY DISPERSION IN FRACTURE AND
TURBULENCE
As mentioned before, the analogy between a fully de-
veloped turbulence and the “frozen” undulation of a frac-
tured surfaces in terms of it’s roughness exponent, have
been explored before. Specifically an analogy between
the hydrodynamics description of turbulence velocities
and the roughness of fractured surface in mode-I cracks
predicts a multi fractal surface, consistent with many ex-
perimental observations of fracture [4]. The correspon-
dence between the Kolmogorov energy dispersion and
that observed in the intermittent acoustic energy emis-
sions for fracture is, however, not explored.
In pursuing this line of argument, let us recall that tur-
bulent fluids can be thought of as an ensemble of vortex
lines that do not cross each other as long as the fluids
are non-viscous [11]. Therefore, the vortex lines can be
modeled as SAWs on lattices, and it is straight forward
to relate the Fourier transform of the correlation function
of vortex density with the wave number as
gk ∼ k
−α (1)
with α = 1/νF , where νF is the so called compactness
exponent of the SAW and is estimated from the Flory’s
theory of polymers (see e.g., [13, 15]) as:
νF =
3
2 + d
, for d ≤ 4
=
1
2
, for d > 4 (2)
where d denotes the spatial dimension. Now, the energy
density in the real space is proportional to the correla-
tion function, implying that the energy spectrum in the
Fourier space is proportional to gk i.e.
Ek ∼ k
−α, (3)
with α = (2 + d)/3, which is known to recover (see e.g.,
[13, 15]) the Kolmogorov exponent 5/3 for d = 3.
Let us now turn to the equivalent dispersion relation in
the case of fractures. The probability density functions
of the avalanches of acoustic energies are known to have
a scale-free variation of the form [1]
P (E) ∼ E−δ, (4)
which is verified in numerous experiments and theoretical
models [1–5], including the observation of the Gutenberg-
Richter scaling of earthquake statistics. Now, generally
the probability density is proportional to the inverse of
a volume measure. Here, the relevant length scale is ξ,
hence the relevant volume scale is ξd. Also, the notion
of a correlated volume, for fracture lets say, is the region
over which the stress field is sufficiently perturbed fol-
lowing a local failure such that the subsequent local fail-
ure events (hence the avalanche) will occur within such
a volume. Now, consider an avalanche of a given size;
this can fit within the correlated volume is many more
ways than it would if it had a larger size. Therefore,
a plausible scenario is where we can take the probability
distribution function of the avalanche sizes to scale as the
inverse of the correlated volume ξd, where ξ is the cor-
relation length, then considering a wave number k that
scales as the inverse of the length scale ξ, we end of with
kd ∼ E−δk , (5)
or
Ek ∼ k
−d/δ. (6)
Drawing the parallel now with Eq. (3), we get
δ =
3d
d+ 2
, for d ≤ 4
=
d
2
, for d > 4 (7)
This is now giving an estimate of the exponent value seen
in the size distribution of the energy avalanches, based
3on the Flory statistics. Note that for the FBM, the ex-
act value for the avalanche size exponent is know for the
mean field limit (i.e., beyond the upper critical dimension
6). It should then match with the upper critical dimen-
sion prediction from the Flory theory. Given the upper
critical dimension for the Flory statistics is 4, we should
have
Ek ∼ k
−2 (8)
for the mean field limit of the Kolmogorov dispersion
(cf. [11]; see also the Appendix A). It is also possible to
arrive at this dispersion form for d = 4 from a purely di-
mensional analysis (see Appendix A). In comparing the
corresponding limit in fracture, we note that in the fiber
bundle model of fracture, the upper critical dimension is
known to be higher than 5. It is consistent, therefore,
to take d = 6 as the upper critical dimension (dc) for
the fiber bundle model of fracture and then use the exact
value for the avalanche size exponent δ = 3 for fixed load
increase protocol [12] (see also [2], pp. 57-61; notwith-
standing the difference in the δ value in the quasistatic
limit [2]) and Eq. (6) then gives E ∼ k−2, consistent
with Eq. (8) estimated above.
To probe the estimate in Eq. (7) in lower dimensions
(i.e., for dimensions where both the Flory statistics and
the FBM have not reached their respective upper criti-
cal limits), we recall that in numerical estimates of the
avalanche size distribution for a two-dimensional inter-
face propagation in the fiber bundle model, δ ≈ 1.5
[16, 17], which is consistent with Eq. (7) with d = 2
(considering a fixed rate of load increase, rather than
following a quasi-static increase). Note that the tradi-
tional local load sharing variant of the FBM cannot be
used here for comparison, since that does not show any
critical behavior, having vanishing critical load in the
thermodynamic limit.
In the d = 1 limit, obviously the “compactness” expo-
nent becomes 1. But it is possible to calculate the energy
avalanches in the fiber bundle model in one dimension,
when the loading is done locally (see Appendix B) and
the result matches with the prediction in Eq. (7).
Therefore, we see that the energy cascades shown in
the Kolmogorov dispersion for turbulence are also cap-
tured in the fracture propagation models, to the extent
that a SAW statistics for turbulence is considered.
III. LENGTH AND TIME SCALE
DIVERGENCES IN FBM IN MEAN FIELD (ELS)
LIMIT
Given that the scale free statistics of energy avalanches
in fracture can be viewed as a result of the growing corre-
lation length and critical slowing down, a well developed
literature of fracture models explored the corresponding
critical exponent values [3]. These are supported by the
experimental observations [4]. Specifically, the critical
slowing down is represented by a diverging relaxation
time
τ ∼ (σ − σc)
−ζ , (9)
where σ = W/N is the initial load per fiber and σc is
the critical load at which the bundle breaks down. This
relaxation time τ can be exactly calculated for the fiber
bundle model in the mean field limit, with ζ = 1/2 [5].
However, given the lack of an explicit notion of length
scale in the mean field, a correlation length exponent in
the form ξ ∼ (σ−σc)
−ν is yet unknown. Here we exploit
the correspondence with the turbulence described above
to estimate the exponent ν for the mean field fiber bundle
model.
Writing the wave number k as an inverse length scale
as before, we end up with
k ∼ (σ − σc)
ν , (10)
and using the Kolmogorov dispersion, assuming E ∼ τη,
we get
Ek ∼ τ
η
∼ (σ − σc)
−ηζ
∼ k−
ηζ
ν , (11)
giving
α =
1
νF
=
ηζ
ν
(12)
and in the mean field limit, the exponent values of ζ and
νF are 1/2 [5] and 2 [15] respectively, giving ν = η/4 in
the mean field limit.
Although an explicit estimate of the correlation length
exponent was not made for the FBM in the mean field
limit, there are some related results along this line, which
we demonstrate to be consistent with the estimate we
obtained above. Utilizing the Fisher finite size scaling
argument (see e.g., [18]), where the correlation length
ξ ∼ (σ − σc)
−ν , becomes of the order of system size
L, giving the effective value of the breaking load σc(L)
by L ∼ (σc(L) − σc(∞))
−ν , where the global (L → ∞)
failure load is denoted by σc(∞). This implies,
σc(L)− σc(∞) ∼ L
−1/ν . (13)
Now, for a system in d dimensions, the total number of
fibers is N = Ld. Then the above equation in terms of
the total number of fibers becomes
σc(N)− σc(∞) ∼ N
−1/νd. (14)
This relation, however, was derived exactly [19] and was
extensively checked numerically to find 1/νd = 2/3 [20],
in the mean field limit. Therefore, we need to insert the
upper critical dimension for the fiber bundle model in
order to get the correlation length exponent. Accord-
ing to our conjecture discussed earlier, the upper critical
4Turbulence Fracture in FBM
Energy dispersion Ek ∼ k
−α; Eq. (3) [14] Avalanche size distribution: P (E) ∼ E−δ, Eq. (4);
P (E) ∼ 1
ξd
∼ kd (since, ξ−1 ∼ k). ⇒ E ∼ k−d/δ, Eq.(6)
Turbulence SAW (linear polymer)
Geometry of vortex line (3d and above) Geometry of SAW (3d and above)
Energy of vortex line Ek, Eq. (3) SAW chain length N
Inverse wave vector k−1 SAW end-to-end distance NνF ; Eq. (2) [13];
k−1 ∼ E
νF
k , ⇒ Ek ∼ k
−1/νF Eq. (7)
TABLE I. Correspondence between Turbulence and Fracture in FBM using the SAW mapping of vortex lines
dimension of FBM is 6 (it is numerically known to be
higher than 5 [21]). In some other numerical studies (see
for example [22]), the value of dc seems to be higher than
8, though there occurs a crossover to brittle behavior,
unlike the case of continuous transition considered here.
We therefore get ν = 1/4 for the fiber bundle model in
the mean field limit, which is consistent with our esti-
mate (indicated above) from the Kolmogorov dispersion
and SAW description of turbulence, if η = 1.
IV. SUMMARY AND DISCUSSIONS
We have utilized here the SAW mapping [11] of the
vortex lines in turbulence together with the Flory statis-
tics of SAWs [13, 15] and Kolmogorov dispersion of en-
ergy in turbulence [14], which, in turn, helps us to relate
the statistics of fracture [7–10] in the ELS (mean field)
limit of fracture statistics (in FBM) with the Flory statis-
tics (see Table I for a schematic correspondence among
the three fields). The exponent values of various quan-
tities that have been obtained independently for these
fields, seem to agree with each other well in various di-
mensions, and such mappings also helps some reasonable
scaling conjectures. It may be noted however (see discus-
sions in sec. III), as in some other cases (see e.g., [23]),
the upper critical dimension (4) of Flory statistics differs
from that (6) of FBM.
Specifically, for the FBM in the ELS limit, as discussed
in sec. III, the exact result ζ = 1/2 [5] for the growth of
relaxation time τ (or critical slowing down; Eq. (9)) can
be recast as Eq. (3) with τη as Ek and ξ
−1 as k, giving
αν = η/2 (with η = 1 as suggested in the discussion
following Eq. (14)). It may be noted, though the energy
E or the avalanche size ∆ (e.g., in Eq. (4)) and the
relaxation time τ (in Eq. (9)) are shown to be linearly
related (η = 1), the obtained power laws can be also be
argued on the basis of a dimensional analysis. Also, the
exact result [19] for finite size scaling behavior (Eq. (14))
gives dν = 3/2. Earlier, in sec. II, we got the relationship
α = d/δ (from Eq. (6)). These three relationships, when
rewritten, give α = dδ =
1
2ν and ν =
δ
2d =
3
2d , or δ = 3
and α = d/3. These, in turn, give d = dc = 6 for the
upper critical dimension for FBM, using Flory formula
(Eq. 2) giving α = 1/νF = 2 for d ≥ 4) and consequently
ν = 1/4 for the correlation length exponent in FBM (with
d = dc = 6 for ELS limit).
In conclusion, the analogy between fracture propaga-
tion in fiber bundle model and turbulence in fluids, and
the use of Self-Avoiding Walk map of the vortex lines in a
fully developed turbulence, have helped us here to relate
the fracture statistics in Fiber Bundle Model with those
of the Flory statistics of the linear polymers and provide
with some consistent relationships. In particular, we ob-
tain the new results for the correlation length exponent
ν = 1/4 and the upper critical dimension dc = 6 in the
Equal Load Sharing limit of the Fiber Bundle Model.
APPENDIX A: FIBER BUNDLE MODEL IN ELS
SCHEME
Here we briefly discuss the critical failure dynamics of
ELS-FBM and the calculations of the different critical
exponents (see e.g., Refs. [1, 2] for more details). As
mentioned in the main text, the fiber bundle consists of
n fibers or Hook springs, each having identical spring
constant. The bundle supports a load W = nσ and the
breaking threshold (σth)i of the fibers are assumed to be
different for different fiber (i). For the equal load sharing
model we consider here, the lower platform is absolutely
rigid, and therefore no local deformation and hence no
stress concentration occurs anywhere around the failed
fibers.
When a load σ is applied initially, all fibers having
failure threshold below σ break immediately, creating a
higher value for the load on the remaining ones. The re-
sulting dynamics can, therefore, be captured in a recur-
sion relation. For simplicity, if the threshold distribution
is taken to be uniform in (0,1), and Ut(σ) denotes the
fraction of surviving fibers at time step t, then the bro-
ken fiber fraction is simply given by the load per fiber at
that time σt =
W
nUt
. Clearly,
Ut+1 = 1− σt = 1−
σ
Ut
. (15)
A fixed point (Ut+1 = Ut = U
∗) immediately gives
U∗(σ) =
1
2
+ (σc − σ)
1/2;σc =
1
4
, (16)
the other solution being unphysical. If one now defines
5an order parameter in he following form
O ≡ U∗(σ)− U∗(σc) = (σc − σ)
β ;β =
1
2
(17)
one gets the usual mean-field critical exponent value
(1/2) for the order parameter.
If one writes the recursion relation in Eq. (15) in the
form of the following differential equation
−
dU
dt
=
U2 − U + σ
U
, (18)
and then perform a stability analysis around the fixed
(critical) point by taking Ut(σ) = U
∗(σ) + ǫ, then one
ends up with (using U∗2 − U∗ + σ = 0)
−
dǫ
dt
= ǫ
2U∗ − 1
U∗
≈ 4ǫ(σc − σ)
1/2, (19)
giving
ǫ = Ut(σ) − U
∗(σ) ≈ exp(−t/τ),
where τ = 14 (σc − σ)
−ζ and ζ = 1/2.
One can also consider the breakdown susceptibility χ,
defined as the change of U∗(σ) due to an infinitesimal
increment of the applied stress σ
χ =
∣
∣
∣
∣
dU∗(σ)
dσ
∣
∣
∣
∣ =
1
2
(σc − σ)
−γ ; γ =
1
2
.
Hence the susceptibility diverges as the applied stress σ
approaches the critical value σc =
1
4 .
Finally, when the load in the system is increased by a
fixed amount at each step, the avalanche size (∆) defined
as the number of fibers breaking between two successive
steps of load increment, is given by ∆ ∼ d(1−U
∗)
dσ . From
Eq. (16), this gives ∆−2 = σ − σc. Now, if P (∆) is
the probability distribution of the avalanche sizes, then
P (∆)d∆ ∼ σ, giving P (∆) ∼ dσd∆ ∼ ∆
−δ and ∆ = 3 (see
e.g., Ref. [2] pp. 57-61 for a detailed derivation).
The critical exponents values mentioned above are for
the mean field (ELS) limit of the FBM and remain un-
changed for a broad class of the failure threshold distri-
butions (see for e.g., [1, 2]).
APPENDIX B: KOLMOGOROV DISPERSION
FROM FLORY STATISTICS USING SAW
MAPPING OF VORTEX LINES
For low enough viscosity, fluids tend to form irrota-
tional vortices in its flow. The vorticity is defined as the
curl of the velocity vector, and a vortex line is a tan-
gent to the vorticity vector everywhere. The vortex lines
in a fully developed turbulence in three dimensions can
be mapped to SAW picture of linear polymers [11] (see
also, Ref. [8]). Therefore, in real-space the energy den-
sity E(r) in turbulence can be obtained from the pair
correlation function g(r) in SAW. In the Fourier space
Ek ∼ gk, with gk ≡ gk(ka,N) is a function of the total
number of steps in the SAW (or number of monomers
in a polymer) each of size a, and a dimensionless num-
ber ka, where k is the appropriate wave number. Given
the scale free variation of the average end-to-end distance
RN ∼ N
νF in SAWs (νF denotes SAW end-to-end dis-
tance exponent), it should remain invariant under a scale
transformation a → alνF and N → N/l. Now, the pair
correlation in the Fourier space is a result of scattering
from N−1 other steps or monomers, it should scale with
N and hence
gk(ka,N) = lgk(kal
νF , N/l). (20)
Choosing N/l = 1, one gets gk = Ng˜(kaN
νF ). If we
assume g˜(x) ∼ x−α, we get
gk ∼ k
−αN1−νFα ∼ k−α, (21)
if α = 1/νF .
Now, the estimate of νF for a polymer chain comes
from the minimization of a free energy f(RN ) (RN being
the end-to-end distance), which consists of f = fe + fr,
where fe denotes the Gaussian chain estimate of the elas-
tic part ∼ R2N/N and fr ∼ R
d
Nc
2 ∼ N2/RdN is the
monomer-monomer repulsive part of the free energy with
c = N/RdN is the monomer concentration. The minimiza-
tion of f with respect to RN gives
RN ∼ N
νF , (22)
where νF is given by Eq. (2).
APPENDIX C: KOLMOGOROV EXPONENT
FOR d = 4 FROM DIMENSIONAL ANALYSIS
It is worth recalling the dimensional analysis that led
to the estimate of α in Eq. (3) (α = 5/3 for d = 3) can
be extended for d = 4.
In three dimensions, noting that relevant dimensions
are the following: k ∼ 1/L, Ek ∼ force × area ∼
L
T 2L
2 ∼
L3
T 2 and the dissipation scale ψ as the rate of energy per
unit length of flow should have the dimension EkLT ∼
L2
T 3 .
So, if Ek ∼ k
−αψβ , then
L3
T 2
∼
L2β+α
T 3β
. (23)
Collecting the exponents for T and L, we arrive at β =
2/3 and α = 5/3 for d = 3.
Extending now for the four dimensions, Ek ∼ force ×
volume ∼ LT 2L
3 ∼ L
4
T 2 and ψ is, as before, the rate of
energy per unit length of flow ∼ EkLT ∼
L3
T 3 , therefore, if
Ek ∼ k
−αψβ, then
L4
T 2
∼
L3β+α
T 3β
, (24)
which on separating the powers of T and L, gives β = 2/3
and α = 2. This matching with the estimate from the
Flory theory mentioned in the main text (at the upper
critical dimension 4) is noteworthy.
6APPENDIX D: ENERGY AVALANCHE SIZE
DISTRIBUTION IN FBM IN ONE DIMENSION
If we consider a threshold (σth) distribution in (0,1),
then the probability that an avalanche of size ∆ oc-
curs following an application of load σ, is the probabil-
ity that ∆ number of fibers have their failure thresholds
less than σ i.e. P (∆, σ) ∼ σ∆. Integrating over σ, e.g.,
for uniformly distributed fiber strengths (σth), we get
P (∆) ∼
1∫
0
P (∆, σ)dσ ∼
1∫
0
σ∆dσ ∼ 1/(1 + ∆). So, for
large ∆, we must have P (∆) ∼ 1/∆, giving back the ex-
ponent δ = 1 predicted from Eq. (7), which also matches
well with simulations (not shown) for uniform as well as
other threshold distributions.
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